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ABSTRACT 
This work deal with the construction of analytic-numerical solutions
of  mixed problems for systems of generalized diffusion equations
with delay of  the type  
( , ) ( , ) ( , ), , 0 ,t xx xxu t x Au t x Bu t x t x lτ τ= + − > ≤ ≤  
where A and B are constant matrices, in general not simultaneously
diagonalizable. A separation of variables method is used to develop
an exact theoretical series solution, which can be truncated to obtain
a continuous numerical solution with prescribed accuracy in
bounded domains. 
INTRODUCTION 
 
Partial differential equations with delay (PDED) constitute a
modeling tool of increasing use in many scientific and technical
problems [1], and so the availability of exact solutions as well as
efficient methods to obtain numerical approximations of required
precision are of great interest. 
 
Mixed problems for scalar generalized diffusion equations with
delay were considered in [2], where the classical method of
separation of variables was used to obtain analytic solutions in
the form of infinite series, which allowed the construction of
continuous numerical solutions with a priori error bounds. 
In this work we consider the analogous matrix coefficients case, 
i.e., mixed problems for coupled systems of generalized
diffusion equations with delay of the form 
 
(1) ( , ) ( , ) ( , ), , 0 ,t xx xxu t x Au t x Bu t x t x lτ τ= + − > ≤ ≤  
(2) ( , ) ( , ), 0 , 0 ,u t x t x t x lϕ τ= ≤ ≤ ≤ ≤  
(3) ( , ) 0, 0,u t l t= ≥  
 
where ( , )u t x  and ( , )t xϕ  are vectors in mC  and , m mA B ×∈C . 
 
Using the method of separation variables, we seek solutions of
(1) of the form ( , ) ( ) ( )u t x X x T t= ,  where ( )X x ∈C, and we are
led to the formal series solution of (1)-(3) 
 
(4) 
1
( , ) sin ( ).n
n
n xu t x T t
l
π∞
=
⎛ ⎞= ⎜ ⎟⎝ ⎠∑  
 
Here, ( )nT t  is the solution of the vector delay differential
equation-initial value problem 
 
(5) ( )' ( ) ( ) ( ) , ,n n nnT t AT t BT t tl
π τ τ⎛ ⎞= − + − >⎜ ⎟⎝ ⎠  
(6) ( ) ( ), 0 ,n nT t B t t τ= ≤ ≤  
 
and ( )nB t  are the Fourier coefficients 
 
 
0
2( ) sin ( , ) .
l
n
n xB t t x dx
l l
π ϕ⎛ ⎞= ⎜ ⎟⎝ ⎠∫  
 
First, we obtain constructive solutions for the general problem 
 
(7) ( ) ( ) ( ) 0, ,F t AF t BF t tτ τ′ + + − = >  
(8) ( ) ( ), 0 ,F t f t t τ= ≤ ≤  
 
where ( ), ( ) mF t f t ∈C , and A,B are constant matrices in m m×C , 
and then, with certain conditions on the coefficients in (1) and
the initial functions in (2), the convergence and regularity
properties of the series (4) can be proved. By truncating this
series with an appropriate number of terms, a numerical
solution with controlled error can be computed.   
 
Using this result, the solution of (7)-(8), when B and 1C I B A−= +
are regular matrices, is given by the following integral 
representation 
(12) 1 1 1 1
0
( ) ( )( (0) ( )) ( ) ( )F t G t C f B AC f G t s C f s ds
τ
τ− − − − ′= + + −∫  
SOLUTION OF THE PDED 
 
Now, we can inmediately obtain the solution of (5)-(6), and hence
an expression for the series (4). 
Let n
n
l
πλ = , and denote by ( , )nQ k t  the expression of ( , )Q k t with 
matrices nAλ  and nBλ . Then we have, for ( 1)r t rτ τ≤ ≤ + , 
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AN AUXILIARY MATRIX DELAY EQUATION 
 
Consider the matrix problem 
 
(9) ( ) ( ) ( ) 0, ,G t AG t BG t tτ τ′ + + − = >  
(10) ( ) , 0 ,G t I t τ= ≤ ≤  
where I is the identity matrix, and let ( )
0
(1, ) ( ) ,
t
A t sQ t e A B ds−= +∫
and, for 2k ≥ , ( )
0
( , ) ( 1, ) .
t
A t sQ k t e BQ k s ds−= −∫  Then, the solution of 
(9)-(10) is given by 
 
(11) 
1
( ) ( , ), ( 1) .
r
k
G t I Q k t r r t rτ τ τ
=
= + − ≤ ≤ +∑  
 
If the eigenvalues of A have positive real part, and the initial 
function ( , )t xϕ is sufficiently smooth, the convergence and 
regularity properties of the series (13) can be proved. 
 
By truncation of the series (13), a numerical approximation can 
be obtained. An example is shown in Figure 1. 
   
As was shown in [3] for the scalar case, there are different 
possibilities for improving the computational efficiency of the 
method, including reordering of the series, approximations of 
the initial functions, and exact evaluation of partial terms. 
 
Figure 1. Numerical evaluation of a truncated series solution (N=10 terms), for the 
problem (1)-(3) with parameters 1τ = , 1l = , and matrix coefficients and initial 
functions 
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First (left) and second component (right) of the solution. 
 
